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ABSTRACT 
 
The current New Zealand steel structures standard has a provision that aims to restrict plastic hinges to 
develop only at the member ends. The equations in this provision were adopted from Lay’s PhD thesis which 
were developed not only to encourage yielding at the member end, but also to ensure sufficient member 
rotational capacity can be maintained. The accuracy of the end yielding criteria in Lay’s equations is 
examined using an analytical technique developed in this study. The analytical procedure incorporates non-
linear geometric and material effects by considering stability functions in conjunction with residual stress 
effects. It is found that the code equations are more conservative compared with the analysis results. A new 
equation to prevent yielding away from the member ends is proposed in the research project. This forms the 
basis for the proposed amendments to Clause 8.4.3.2 in New Zealand steel structures standard.        
  
 
Introduction 
 
The New Zealand and Australian steel codes (SNZ 1997, SAA 1975) have a provision for the location of 
plastic hinges in columns that is not present in the codes of other countries. It aims to restrict the plastic 
hinges to form only at the column ends. This is a more desirable behaviour than yielding along the member 
length because the region beside the plastic hinges can be effectively braced against local and lateral 
buckling to ensure sufficient inelastic rotational capacity. It also enables the true collapse mechanism and 
inelastic rotational demands to be calculated more easily.  
 
Clause 8.4.3.2 of New Zealand steel structures standard, NZS 3404 (SNZ 1997), specifies that a member 
with a slenderness limit, λ , end moment ratio, β , and axial force ratio, SNN φ* , must satisfy Eqs. 1 and 2, 
where φ  is the resistance factor, N* is the applied axial force and NS is the nominal section axial capacity, to 
ensure plastic hinges would form at the member ends. These equations were developed by Lay (Lay 1964) 
to ensure columns with a sufficient rotational deformation capacity are used. Different approaches were used 
to derive these equations. For axial force ratios greater than 0.15, Eq. 1 was adopted by curve fitting column 
deflection curve data in Lay’s thesis for high axial loaded members.  For axial force ratios less or equal to 
0.15, Eq. 2 was developed using elastic stability formulation with the maximum moment in the member being 
limited to less than 1.05 times the design moment at the column ends. Note that with the value of 1.05, it 
implies that the maximum moment is permitted to move away from the member ends. Lay argues that as the 
axial force on the member is small, the effect of plastic hinges occurring away from the member ends is not 
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likely to be detrimental. 
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The background to Lay’s equations are not clearly described in his thesis; there is a discontinuity at 
SNN φ* = 0.15 as shown in Fig. 1; and the equations often govern the sizes of members in seismic frame 
design. Therefore, there is a need to re-evaluate the provisions in NZS 3404 for end yielding criteria, EYC. 
This paper describes the research carried out at the University of Canterbury to evaluate the accuracy of the 
end yielding criteria in Lay’s equations.  
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Figure 1. Axial force limits for different member slenderness and end moment ratio (SAA 1975). 
 
 
Analytical Model Development 
 
The analytical model was developed based on stability functions which consider reduction in flexural 
stiffness from axial forces due to the geometric nonlinearity. It is also based on the New Zealand column 
design curves which consider the reduction in flexural stiffness due to material non-linearity that arises from 
initial residual stresses effects, member out-of-straightness and accidental non-concentric loading. The 
model was developed using the computer program “MATLAB” (Matlab 2005). A brief description of the 
analysis procedure used in this project is summarized below. Detailed description on the theory behind 
stability functions and effectiveness stiffness approaches are described in the research report (Peng et al. 
2006). 
 
Stability functions were used to derive a global stiffness matrix that relates lateral displacements and 
rotations ( Aν , Bν , Cν , Aθ , Bθ , Cθ ) to the shear forces and moments ( AV , BV , CV , AM , BM , CM ) at 
nodes A, B and C for the column as shown in Fig. 2 under an axial compression force, N. The reduction in 
flexural stiffness, (EI)t, due to residual stress effect was calculated by taking the ratio between the effective 
lengths corresponding to the inelastic column buckling curves and elastic Euler buckling curves, (kL)t and 
(kL)e as shown in Eq. 3. Note that the inelastic column buckling curves in NZS 3404 were developed not only 
considering the initial residual stress effect but also the effect of accidental non-concentric loading and 
member out-of-straightness. Consequently the elastic flexural stiffness obtained in this study is slightly 
conservative. 
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where ( ) ( ) NEIkL tt 2π= , ( ) NEIkL e 2π= , E is Young’s modulus and I is second moment of area of the 
section.  
 
 
Figure 2. Beam-column member containing 2 sub-members and 2 internal degrees of freedom. 
 
The overall analysis procedure to determine the end yielding criteria is an iterative procedure that requires 
the flexural stiffness being updated as the axial force is increased. The procedure is illustrated in Fig. 3. It 
may be seen that after a member with specific section properties was chosen, a small axial force, N, was 
applied and the effective flexural stiffness, (EI)t, was calculated using Eq. 3. The stability functions with the 
effective flexural stiffness were then used to find the moment at node B, MB, as illustrated in Fig. 2. If MB is 
less than MA, the axial force was gradually increased until MB became greater than MA. The axial force that 
caused the maximum moment to move towards node B corresponds to the critical axial force, NC. Analyses 
were also carried out for different member slenderness, λ , and end moment ratios, β . 
 
                           
 
Figure 3. Overall analysis procedure for determining the critical axial force, NC, for end yielding criteria.  
 
 
Analytical Predictions and Comparisons 
 
The analytical axial force ratios that cause the maximum moment to move away from the member ends and 
existing provision in NZS 3404 are shown together in Fig. 4 for different end moment ratios, β . It may be 
seen that: 
 
i) The provisions in NZS 3404 are generally conservative for columns with axial force ratios greater than 
0.15. 
Choose an end moment ratio, β , and 
a member with following properties: 
L, AS, fY, E and I 
Start with a small value of N 
Calculate stability function and 
hence obtain the value for MB  
Is  
MA ≤  MB 
Yes
No
 Add 0.01% of axial 
capacity to N 
Obtain the critical axial force 
NC 
Calculate the effective stiffness, (EI)t
ii) The provisions in NZS 3404 are non-conservative for columns with axial force ratios less than 0.15. This 
is expected as Lay’s equations were developed by limiting the member moment to be 1.05 times the 
end moment for low axial loaded members. 
iii) The end yielding curves from the analyses are continuous, and therefore more rational than the current 
provisions in NZS 3404, which have a discontinuity at an axial force ratio of 0.15. 
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Figure 4. Comparison of EYC curves from the analysis and the New Zealand steel code for different β  
 
 
Proposed End Yielding Equations 
 
As there is no closed form expression for the curves in Fig. 4, the empirical equation shown in Eq. 4 is 
developed for the end yielding criteria. This equation links the axial force ratio, NC / NS with the member 
slenderness limit, λ , and end moment ratio, β , in an exponential relationship. Three constants are required 
in this EYC equation which vary with different section types and residual stresses, bα , as shown in Table 1. 
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where NC is the nominal member capacity and NS is the nominal section capacity.  
 
 
Table 1. Coefficient for different section types 
 
bα  A B C 
1 0.235 0.95 0.21 
0.5 0.247 0.91 0.19 
0 0.263 0.88 0.19 
-0.5 0.265 0.92 0.17 
-1 0.276 0.87 0.19 
 
 
The proposed EYC equations are plotted together with the analysis results and the NZS 3404 provisions in 
Fig. 5. It may be seen that the proposed EYC equation is generally more conservative than the analysis 
results, especially for columns with axial force ratios higher than 0.5. As the end moment ratio, β , 
approaches 1, the analysis curves are harder to fit using an exponential function. Subsequently, the 
proposed EYC equation becomes more conservative for members with higher axial loads. However, the 
proposed equation is still much closer to the actual analysis results than the current provisions in NZS 3404. 
Adoption of the proposed EYC equation would relax the restriction on the column sizes specified in the 
current design guidelines.  
 
 
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
0 1 2 3
λ   ( = √ (Ns/Nol) )
 N
c 
/ N
s 
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
0 1 2 3
λ    ( = √ (Ns/Nol) )
N
c 
/ N
s 
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
0 1 2 3
λ   ( = √ (Ns/Nol) )
N
c 
/ N
s 
 
 (a) β  = -1 (b) β  = 0 (c) β  = +1 
 
Figure 5. Comparison of NZS 3404 provision, analysis results and proposed EYC equation for different β  
 
 
Conclusions 
 
Based on the outcome of this study, the following conclusions can be drawn: 
 
1/ Current code provisions in the New Zealand steel structures standard for end yielding criteria are 
generally found to be conservative for columns with axial force ratios higher than 0.15. However, for 
columns with lower axial forces, the provisions are found to be less conservative.  
 
2/ New design equations are proposed in this study to represent the axial force ratio causing the plastic 
hinges to move away from the member ends. Unlike the current code equations, the proposed 
equations do not contain any discontinuity and match significantly better to the end yielding criteria 
curves from the analysis. These equations form the basis for the proposed amendments to Clause 
8.4.3.2 in NZS 3404. 
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